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Natural Convection in an Enclosure Heated from Below
with a Conductive Horizontal Partition

Heiu-Jou Shaw,* Cha'o-Kuang Chen,f and Jiin-Yuh JangJ
National Cheng-Kung University, Tainan, Taiwan, Republic of China

This paper investigates the phenomenon of natural convection in an enclosure heated from below, fitted with a
completely horizontal conductive partition. The horizontal partition is parallel to the two horizontal isothermal
enclosure walls, which are maintained at different temperatures, while the vertical walls of the enclosure are adiabatic.
The governing equations for stream function, vorticity, and energy are solved with the aid of the cubic spline
collocation method. Parametric studies of the effects of the partition on the fluid flow and temperature fields in the
enclosure have been performed. Numerical results indicate that the effects of the conductivity ratio of the partition
and the aspect ratio of the enclosure on the heat-transfer rate are not significant. However, the location of the
partition affects the fluid flow and heat-transfer rate profoundly. Numerical results are also compared with the results
obtained from a flow visualization experiment. The streamline distribution obtained from numerical result is shown
to be in good agreement with the experimental results.

Nomenclature
A = L/H = geometric aspect ratio
g = gravitational acceleration
H = enclosure height
Hl9H2 = upper and lower subenclosure heights,

respectively
k, kw = thermal conductivity of the fluid and solid

wall, respectively
KR — thermal conductivity ratio (kw/k)
L = enclosure length
m, n = number of vertical and horizontal grid lines,

respectively
Nu = Nusselt number
Nu* = modified Nusselt number defined by Ref. 10
Pr = Prandtl number
Q = heat transfer across enclosure
Ra = Rayleigh number based on H
t,i = dimensional and dimensionless time,

respectively
T = temperature
TH = warm end temperature
TL = cold end temperature
TLP> ?UP — average temperatures at lower and upper

surfaces of the partition, respectively
W = width of the horizontal wall
AT = temperature difference between the hot and

cold wall
u, U = dimensional and dimensionless horizontal

velocity, respectively
v, V = dimensional and dimensionless vertical

velocity, respectively
x, X = dimensional and dimensionless horizontal

coordinates, respectively
y,Y = dimensional and dimensionless vertical

coordinates, respectively
a, VLW — thermal diffusivity of the fluid and the

partition, respectively
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j55 pw = coefficients of thermal expansion of the fluid
and partition, respectively

jU = viscosity
v = kinematic viscosity, = /z/p
pypw = density of the fluid and partition, respectively
if/, *F = dimensional and dimensionless stream

function, respectively
9 = dimensionless temperature of the fluid
9W = dimensionless temperature of the partition
co, Q = dimensional and dimensionless vorticity,

respectively

Introduction
E problem of buoyancy-driven flow in an enclosure

A has many practical applications. Well-known examples are
the energy conservation in building enclosures, solar collection
spaces, and thermal-energy storage systems.

There are several experimental and numerical studies on nat-
ural convection heat transfer in simple enclosures heated from
the side.1'2 However, the consideration of natural air motion
through a completely separated partition in an enclosure has a
relatively short history. Among the earlier theoretical contribu-
tions, only a few papers are concerned with this problem.
Koutsoheras and Charters3 carried out numerical studies for
the rectangular enclosure that take account of two-dimensional
conduction in the left vertical wall. In the other papers consid-
ering the conjugate problem,4"6 heat-transfer measurements
and flow visualization investigations were conducted for differ-
ent Rayleigh numbers and geometrical parameters. In addi-
tion, the phenomenon of natural convection in an enclosure
heated from below has many engineering applications and has
been discussed in numerous studies.7'8 Recently, Catton and
Lienhard9 and Lienhard and Catton10 used a Galerkin approx-
imation method and Landau method to analyze the natural
convective heat transfer across a two-fluid-layer region with a
thermal barrier. In those studies,9'10 the two-fluid layer is re-
stricted to the infinite domain.

The purpose of this paper is to investigate numerically the
two-dimensional, laminar natural convection flow, in a rectan-
gular enclosure heated from below, fitted with a completely
separated horizontal partition. Parametric studies of the effects
of the partition on fluid flow and temperature fields in the
enclosure have been performed, as well as studies to determine
the effect on the flow of various locations and widths, and on
the material of horizontal partition for different Rayleigh num-
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bers (103-106). Furthermore, flow visualization experiments
are carried out to verify the theoretical predictions.

Numerical computation is accomplished with the aid of the
cubic spline collocation method. This numerical scheme has
been successfully applied to solve the partial differential equa-
tions in fluid mechanics by Rubin and co-workers11"13 and
others.14

Mathematical Formulation
The geometry and coordinate system of the problem are

given in Fig. 1. A Cartesian coordinate system is adopted, with
the y axis in the direction opposite to the gravity vector and the
origin placed at the left bottom corner of the cavity. The two-
dimensional rectangular enclosure is fitted with a completely
separated internal partition. The horizontal walls of the enclo-
sure are kept isothermal at different temperatures, whereas the
vertical walls are insulated. Within the internal partition in the
enclosure, conduction is two-dimensional. All fluid properties
are assumed constant, and the fluid is considered to be incom-
pressible except for the buoyancy term, which is computed
using the Boussinesq-type equation of state. Viscous dissipa-
tion and compression work are neglected in the energy equa-
tion, as are the radiation effects.

The vorticity and stream function are used to eliminate pres-
sure as a variable and to eliminate the need for the direct
inclusion of the continuity equation in the investigation. The
resulting governing equations for the fluids in the two sub-
enclosures are

(1)

(2)

(3)

where

dY9 dX

The energy equation for the internal conductive partition is

(4)

The dimensionless variables X = x/L, Y = y/L, i = f/(L2/a),
U = u/(oi/L)9 Q = e»/(a/L2), ¥ = ^/a, 0 = (T-TL)/
(TH ~ TL\ and 9W = (Tw - TL)/(TH - TL) represent the di-
mensionless coordinates, time, velocity, vorticity, stream
function, fluid temperature, and solid temperature, respec-
tively.

The boundary conditions are:

7 = 0, 0 = 1, U=V = Q
7=1, 0=0, C / = F = 0

' P Y '

Y = H2/L, (H2 + W)/L, KR\ ̂ ] = \^\ U=V = 0

In the preceding equations, three governing parameters ap-
pear: the Prandtl number, Pr = v/a; the Rayleigh number,
Ra = figL\TH - TJ/va; and the location of partition, H2/L.
In this study, the Prandtl number is assigned a value of 1.0, the
Rayleigh number takes on values in the range of 103-106, and
the partition height H2/L is assigned the values of
0.1,0.2,0.3,0.4, and 0.5.

T
f w

Fig. 1 The physical model.

Since the vertical walls are adiabatic, heat transfer occurs
only in the vertical direction. The overall Nusselt number for
the net heat transfer in the vertical direction is defined as

Nu-- r

or1'

[k(TH - + HJH2
(7)

The numerical integration of Eq. (6) or (7) was performed after
the steady-state temperature field was obtained.

Numerical Procedure
The coupled equations (1^1), with the associated boundary

conditions, provide a complete mathematical specification of
the problem. The equations are solved by the cubic spline col-
location method.11"14

The main advantages of using the cubic spline procedure are:
1) The governing matrix system is always tridiagonal so that

well-developed and highly efficient inversion algorithms, such
as the Thomas algorithm, are applicable.

2) It has been demonstrated that the spatial accuracy of the
spline approximation for the first derivatives is fourth-order
accurate for a uniform mesh and third-order accurate for a
nonuniform mesh. The second derivatives are second-order ac-
curate for uniform as well as nonuniform grids.

3) Derivative boundary conditions can be directly incorpo-
rated into the inversion procedure. '

Solutions are obtained by an iterative SADI (spline alternat-
ing direction implicit) procedure. The SADI system represent-
ing the governing equations follows.

Stream-Function Equation
Step 1:

\J/«+ 1,5+2 = 1

A<7

Step 2:

(8)

A(7
(9)
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where A<r is a fictitious time step and a = sAa. Solutions for
Eqs. (8) and (9) are the steady-state limit (T -»oo) of Eq. (3).

Vorticity Equation
Step 1:

(10)

Step 2:

(H)

Energy Equation
Step 1:

(12)

Step 2:

AT

(13)

After some rearrangement, Eqs. (8-13) may be written in the
following form 10:

(14)

(15)

where 4> represent the functions *F, Q, and 9.
In this relation between the function and its first two deriva-

tives, the quantities Fip Gip SfJ are known coefficients evaluated
at previous time steps. It should be noted that Eqs. (14) and
(15) are very general and do not depend on the method for
spatial integration.

Equations (14) and (15), when combined with the cubic
spline relations described in Ref. 14, may be written in tridiag-
onal form as

a ,ij — i ?-+1 - h e - - 1v * ij + 1 (16)

where O represent the function (*F, Q, 9) or its first two deriva-
tives. Equation (16) is easily solved by using the Thomas al-
gorithm. A double iterative procedure is described as follows:

1) Initially, the stream function is assumed zero everywhere.
2) The temperature distribution is obtained with the SADI

technique as presented in Eqs. (12) and (13). At the initial
state, the solution describes the temperature distribution for
the pure conduction case.

3) The temperature distribution and the associated stream-
function field are then substituted into the vorticity equation,
from which a distribution for vorticity is obtained. The
boundary conditions are determined by

(17)

(18)

dy2

dy*

4) The stream-function field is calculated from the obtained
vorticity by using a fictitious unsteady-state term. The solution
for the stream function was ascertained by insuring that the
following residual-error criterion is satisfied:

(19)

where superscripts s and (s — 1) denote the current and the
previous iterations, respectively.

5) If only the steady-state solution is required, the calcula-
tion proceeds to the next time step by returning to step 2 with
« ->« + 1. The iteration process was employed until the maxi-
mum relative change in temperature and flowfields satisfies the
following criterion:

and by computing a heat balance for the enclosure

Nuz-Nuz~l

Nuz < 0.005

(20)

(21)

In the preceding criterion, O refers to *F, 0, and Q and z denotes
the number of false time steps.

On the other hand, if an accurate transient solution is re-
quired, the iterative calculations proceed from step 2 to step 4.
This process continues until convergence. The steay-state con-
dition is also reached by using the criterion defined earlier.
Although accurate transient computations have been per-
formed in a number of cases, only the steady-state results are
presented in this paper.

The convergence behavior of the numerical method is
checked by running with different mesh sizes. The overall
Nusselt number was used to develop an understanding of how
many grid points are necessary for accurate numerical simula-
tions. It was found that 25 x 25 grid points were sufficient to
provide accurate results (Fig. 2).

Experimental Procedure
The experiment of flow visualization is performed in order to

examine the assumptions of the numerical model of the prob-
lem considered in this paper. The partitioned enclosure used in
this experiment is of aspect ratio A = 1 and 3. The schematic
diagram of the flow visualization experiment is shown in Fig. 3.
The isothermal condition on each of the surfaces is maintained

Nu

20X20 22X22 25X25 25X30 30 X

300 500 700 900
mxn

Fig. 2 Influence of mesh size on the accuracy of overall heat-transfer
rate estimates.
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by a plate heat exchanger. On the back side of the copper test
surface, water, as the exchanger fluid, flows back and forth
over the length of the test surface. The water circulated in the
heat exchanger is driven by a constant-temperature circulator.
Surface temperatures are measured using copper-constantan
thermocouples embedded in the copper plate. In order to ob-
serve flow patterns, cigarette smoke was injected into the twin
air layers in the test section. A flat narrow slit of light illumi-
nated the smoke particles against a dark background. A Nikon
EM camera was used to record this investigation.

Results and Discussion
The numerical procedure described was programmed in

Turbo Pascal language and performed on an IBM personal
computer (PC/XT).

Results presented will include the flow pattern, dimension-
less streamline, isotherm contour plots, and the average heat
flux ratios along the boundaries of the enclosure.

Effect of the Rayleigh Number
The effects of the Rayleigh number on the Nusselt number

are illustrated in Fig. 4. Figure 4a shows the numerical results
for A = 1 and A = 10. The two numerical results are in good
agreement with the result obtained by Lienhard and Catton
(KR = I).10 Since the heat-transfer phenomenon obtained by
Lienhard and Catton is in the infinite fluid region, our numer-
ical result is in better agreement for large aspect ratios
(A = 10). Figure 4b presents the effects of the Rayleigh number
on the Nusselt number for the conductivity ratio (KR) of 10. It
can be seen that an increase in Rayleigh number will signifi-
cantly increase the Nusselt number. The streamlines and
isotherms for a square enclosure heated from below with sepa-
rated horizontal partitions for Ra — 104 and 105 are presented
in Fig. 5. Evidently, each two convective cells are separated by
a horizontal partition, and the isotherms are distorted as de-
scribed by the flow pattern and temperature distribution in
these figures.

Effect of the Ratio of Conductivity of Partition
The Nusselt number is plotted against the ratio of conductiv-

ity (KR) of partition in Fig. 6. The Nusselt number is increased
as the KR increases from 1 to 10. When the value of KR is
increased from 10 to 100, however, the Nusselt number de-
creases slightly. Therefore, the Nusselt number reaches maxi-
mum value at KR = 10. This behavior is explained in Fig. 7,
which demonstrates the temperature distribution of the hori-
zontal partition for various values of the ratio of conductivity
(KR). As the KR decreases, the T-direction temperature gradi-
ent becomes larger. When the value of KR becomes larger,
temperature distribution is more uniform, but the temperature
gradient becomes smaller. Although the 7-direction tempera-
ture gradient becomes smaller, the Nusselt number increases.
This situation is due to the increase in the conductivity of the
partition inside two flow regions. If, however, the value of KR
is increased from 10 to 100, the temperature gradient becomes
very small although the conductivity of the partition is in-
creased. A slight decrease in Nusselt number results. Figure 8
presents the effect of the ratio of conductivity of fluid and
partition on the square enclosure. The streamlines and
isotherms are plotted for KR = 5 and 100, respectively. The
convective phenomenon is separated between the partition and
the boundary of enclosure, as described in the flow and
isotherm pattern shown in Fig. 8.

Effect of Different Locations of the Horizontal Partition
Numerical results of fluid velocity and temperature field are

presented using velocity vectors and isotherms in Fig. 9. The
computational results will be affected by different locations of
horizontal partitions. The velocity vectors and isotherms are
plotted for H2/L = 0.1, 0.3, and 0.4, respectively, in the case of
KR = 10 and Ra = 105. The isotherms are distorted as the loca-

1) Copperplate 5) Air
2) High-temperature water flow 6) Needle hole
3) Low-temperature water flow 7) Partition
4) Insulator

Fig. 3 Experimental model for flow visualization.

N u

3.0-

2.0

1.0

o Present study (A = 1)
+ Present study (A = 10)
- Lienhard and Catton9

a)KR = 1.0 105

Ra
10°

Nu

3.0-

2.0

1.0' -

10* 105 10
b)KR = 10.0 " " Ra

Fig. 4 Effects of Rayleigh number on Nusselt number (Ra = 105,
A = 1.1, H2/L = 0.5, WIL = 0.1).

tion of the partition (H2/L) is varied. Evidently, two convective
cells are formed below and above the horizontal partition when
it is placed at H2/L = 0.4.

Figure 10 shows how the location of the partition (H2/L)
affects the Nusselt number. It is clear that the Nusselt number
is decreased sharply as the H2/L is increased from 0 to 0.3, then
increased as H2/L is in the range 0.3-0.5. However, as H2/L is
in the range 0.5-0.9, the Nusselt number is again increased
significantly. The figure is symmetric about H2/L = 0.5. As can
be seen from the Fig. 10, the Nusselt number attains the highest
value at H2/L =0.1 and the lowest value at H2jL =0.3. At
H2/L =0.1, the fluid in the small subenclosure has almost no
convective flow motion, so that the temperature distribution is
in a state of conduction. The convective phenomena exist only
inside the large subenclosure. When H2/L reaches the value of
0.3, the heat-transfer phenomenon in the smaller subenclosure
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5.2 - 5.2
Streamlines Streamlines

Isotherms
a) Ra = 105

Isotherms

b) Ra = 5.0 x 10s

Fig. 5 Isotherms and streamlines of the flowfield for A = 1,
H2/L = 0.5, WIL = 0.1, KR = 10, Ra = 105, and 5.0 x 105 (AT = 0.3,
A0=0.1).
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a) KR=S

Isotherms

b) KR = 100

Fig. 7 Isotherms and streamlines of the flowfield for Ra = 105. A = 1.1,
H2/L = 0.1, KR = 5 and 100 ( A<F = 0.3, A0 = 0.1).
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Fig. 6 temperature distribution of lower surface of the partition for
various KR (Ra = 105, H2/L = 0.5, W\L = 0.1).
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Fig. 8 Effect of KR on Nusselt number (Ra = 105, A = 1.1,

is also dominated by conduction. Relatively, the convective
region inside the whole enclosure will become smaller. This will
significantly decrease the Nusselt number. However, as the
value of H2/L is increased again to 0.5 (Fig. 5a), the Nusselt
number is increased, owing to the existence of the Benard cell,
and it will increase the convective flow in the two subenclo-
sures. Consequently, the Nusselt number is decreased again
until the H2/L reaches the value of 0.7 and the Benard cell will
increase at the center.

Effect of the Thickness of Partition
The Nusselt number is affected by the variation of the width

of the horizontal wall (WjL) inside an enclosure. Figure 11
illustrates that the Nusselt number is decreased slightly as the
width of the enclosure is increased.

Effect of the Geometric Aspect Ratio
It is important to examine the effect of the geometric aspect

ratio on the partitioned enclosure. A series of numerical exper-
iments illustrating this effect were conducted by varying the
length for L = 1H and L = 3H. The streamlines and isotherms
are demonstrated in Fig. 12. The results show that as the aspect
ratio increases at constant Ra, the number of cells increases
discretely. But the effect of the aspect ratio of the enclosure on
the heat-transfer rate is not significant, as shown in Fig. 4a.

Flow Visualization
Figures 13 and 14 present photographs of streamline distri-

bution in the twin air layer for aspect ratio A = 1 and 2, respec-
tively, for the case of Ra = 105. The partition of the enclosure
is made of brass. Figure 13 reveals the phenomena of natural
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a) #2/L=0.1.
Isotherms

Isotherms
b) //2/L=0.3

c) //2/L=0.4

Velocity vectors Isotherms

Fig. 9 Effect of different locations of horizontal partition on velocity vectors and isotherms (Ra = 10s, A = 1.1, W/L = 0.1, KR = 10, A0 = 0.1).
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Fig. 10 Effect of different locations of horizontal partition (#2/L) on
Nusselt number (Ra = IO5, A = 1.1, W\L = 0.1, KR = 10).

2.5

N u

1.5
0.1

W/L
0.2

Fig. 11 Effect of thickness of partition (WfL) on Nusselt number
(Ra = IO5, A = 1.1, KR = 10).

convection, with two cells inside the upper and lower subenclo-
sure, respectively, for aspect ratio A = l. This behavior is
caused by the heating of the enclosure at the bottom. However,
Fig. 14 shows that four cells exist inside each of these two
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\ \
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a) Streamlines for L=2H and L=3H

subenclosures for A = 2. Those results are seen to be in good
agreement with the numerical results as shown in Figs. 8a and
12b. Hence, the numerical model is proved to be reliable.

Conclusion
Natural convection heated from below in an enclosure with

a conductive partition has been analyzed numerically. The
study focused on the effect of the partition on the natural
convection phenomenon in an enclosure. The numerical results
indicate that the effects of conductivity of the partition and of
the aspect ratio of the enclosure on the heat-transfer rate of the
partitioned enclosure are not significant. However, the loca-
tions of the partition affects the heat-transfer rate profoundly.
Increase in the partition's thickness decreases the heat-transfer
rate. The numerical method is proved to be reliable by a flow
visualization experiment.

b) Isotherms for L = 2# and L = 3H

Fig. 12 Effect of geometric aspect ratios of enclosure on streamlines
and isotherms (Ra = 105, KR = 10, A<F = 1.3, A0 = 0.1).

Fig. 13 Photograph of the flow pattern for A=19 H2/L = 0.5,
071=0.1, /?a = 105.

Fig. 14 Photograph of the flow pattern for A =29 H2/L = 0.5, W\L = 0.1, Ra = 105.
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